
F. October 31 ,
Lecture 26 : Hilbert Spaces I

Last time...

· A function
fiR-I is called Predicwith period 2

if f(x + 2)) = f(x)
for all x + R .

Equiv to f : Ec ,
2)- with periodic d

.

C
. S,

S

fil= f(L) (or
,

f is defined on the circle

· f:T,]-> D .
f(-) = fITT) .

· (Exponential) Fourier Series
What does this

iRY & mean?

T(x) = [ce Let's find out.
k =y

↓
· (Trigonometric) Fourier Series :

T(x)=+ (x) +bx

·
Need "Linear algebra + convergence" to make
sense of this.



#bestSpaces Lake Inner Product spaces)

A Hiertspace 2 is avector space
with

an inner product ,
(i)

· This induces a en by

Ivll :=Fr
for all vese

.

3 key examples :
· D" with dot product . v. [] ,

w :]
·

(V
,
w = Vow=W=W

gives a re Iv=:..

·P(z) = sequences :- ,
v = (...,H)

,
v(0)

,
v()

,
...)

E which are square summable : 3
llvlk = (v ,

v) < X ↓

&
means finite ,

so sun

where inner product is converges .

<V
,
w)=VIR)wl,

So I Thin=



· (2([-π ,M]) = [
functions f : Ett

,
T -> & 3which are square integrable

II fll"= (f
,
f) <8

where inner product is
& integral converges

(f
, g)= F(xy()dx ,

so=
- Th

· Ex : ei * e(2(Et ,+) ,

but LETD) ,

sinceG :**: logt : 0.
· Inner products give us notion of angle :
in RP,

W
<V

,
w) = KvIIwll cost

le, v
5koft
u

Flea : use inner product to get geometric
notion a fangle !

Still have the usual properties :

· (Triangle inequality) If +gll = /fl + /g)
· (Cauchy-Schwarz) <-

, g) = llf/llIg/l orthogonality
-

· (PythagoreanThe] if <f ,g) = 0 ,
then

11f + g(lz = llf((2 + 1g>

gifti



So... what is orthogonality here ?

Ex: in 12/2) ,
the restors 8 :

n + R
Gn(k) = 59 n = k

Sp= 1
...,

0
,
1
,
0

,
... )

Einslat
Tcheck : S

_

el2(Z) since

L
1IS.112= Is chil : 10

are Orthonoral

[8n
,
Sm=)=I

· Ex: in LEET.TT) , the functions from Fourier

(HW) series are outhonormal :

Lein
,eines fixinxx-

-T

So : what is an or tho normal basis ? It should

be an orthonormal collection [VR] such that for

any
f

,

f = [hitf



Ex: Let 2 = (PETT ,T])
,

and consider the collection

[v] = [Esin ,
Esinax

, ....
Easinky,

,
... T

It'sorthonormal ,
but look - if we choose f(x)=X

= EX
,

Then

<sinkx , f)=x +(xd +
Sink.
= J

since f is even and sinke is off.

so

.<sickx , f) sinkx=
even though f + 8 .

Three equivalent pictures :
· felst

,
where [v] U

· + [mifTuk
K

· [Ku
,
f > /2 all fll2

R



Bethm : Orthonormal basis.

We call an erthonormal set [u3 = 2 an

Orthonormal basis if any of the following equivalent
-

conditions are met :

i) The orthogonal complement is trivial,
ut = [0] .

(or , <up ,

) = 0 FR = x =0)

ii) f = [Surif7Um for all fe2.

R

iii) 11 fll2 = [kur ,*> for all fe2.
R

Ex: and : erthonormal basis
· [Sm : R +E3 is an ond of 142)

Exponential
· SeiR : REE] is on ond of [Y(ET, it])

&

Fannier series

· [sinkx : ReZ] is not an ont
of LETT,)

because Lose
,

sinkey = O so orthogonal compleat
is nortrivial. But

·SiZucosk : RezZ UlEsinkx : Rae] is !
&Trigonometric
Farrier sores



·Sea+,) .

Take the collection [Up = eiR: keE] [ (PET , it])
Then

<V .- ) = i
*

Tafdx
- T

= If
*

eiky f(x)bx
-T

=: E(k)

So This is the
f(x)=Re exponential Farrier

series !
(Exercise : find the trigonometric Forrier coefficients)


